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CONCERNING DU BOIS-REYMOND'S TWO RELATIVE 
INTEGRABILITY THEOREMS. 

By Eliakim Hastings Moore. 

1. Introduction.. The two theorems of da Bois-Reymond to be con- 
sidered are suggestively (and incompletely) expressed in the form : 

I. A continuous function of (properly) integraMe functions is integrdble. 

II. An integrabh function of an integrdble function is integrable. 

Du Bois-Reymond announced the first theorem in 1880 (Math. Annalen, 
vol. 16, p. 112), and published a proof two years later (ibid., vol. 20, pp. 122- 
124), and in the latter connection he announced the second theorem. 

I have found no further reference to the second theorem ; in §5 I shall show 
by a simple example that it is not true. 

When one thinks, in the first theorem, of the integral of the compound 
function as the limit of a sum, I shall show in §§2, 3, 4, that the range of 
values of the terms of the sum may he extended without alteration of the 
integral-limit. 

In the case of the product of two integrable functions (for which case the 
original theorem was proved by du Bois-Reymond in 1875, in vol. 75 of 
the Journal fur Math., p. 24), this extension was made by Dini (1878 : Dini- 
Liiroth, Functionen einer reellen Ver&nderlichen, §190, p. 347) ; his process of 
proof is not applicable to the general case. Du Bois-Reymond's general proof 
(1882) is however capable of immediate extension. I give the proof of the 
theorem of wider integrability and of the uniformity of this integrability for 
the set of all subintervals of the interval of integration by a process somewhat 
different from du Bois-Reymond's process and in a desirably explicit form. 

This notion of wider integrability I have found of use in effecting a cer- 
tain extension of the second mean value theorem of the integral calculus. 

2. Du Bois-Reymond's First Integrability Theorem. If the 
function 

F(!t» • • . /A.) 
is a continuous function of its m arguments y„ . . , y m at all points 
Y= (y» . . , y m ) of the region R: 

(1) a t *k y r ^ £, , . . . , a a ^ y ff S & g , . . . , a m ^ y m S /3„, ; 

(153) 
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if, furthermore, the functions <f>i(x) , . . . , </>„,(x) are properly integrable on 
(hex-interval a . . . b and take on (only) values which satisfy the conditions: 

(2) «,^<^,(x) ^/3,, . . . ,a m &<f> m (x) ^/3 m (a^x&b); 

then, the function 

f{x) = F(<f> x (x), . . . , <p m (x)) 

is properly integrable on the x-intervala . . . b. 

3. Preliminaries of the Extension. The function F(y v , . . , y m ) 
is continuous on the closed region R, and hence on that region it has definite 
upper and lower limits (or bounds) : 

F R = L F{jf lt . . , y m ), F„ = L F(y t , . . , y m ), 
r\R Y\R 

and it is uniformly continuous ; that is, for every e a S t exists such that 

\F(y[,. . , y' m ) - F(y'{, . . ,y»)\ < e 
for every two points Y', Y" of the region M for which 

\>/i - y'l\ < K • • • . \y' m - y'L\ < K- 

The function /(x) is, on the interval a . . b, a single valued function with 
definite upper and lower bounds f ab , f^ which lie on the interval F R . . F R . 

We consider a partition -w of the interval a . . b into a finite number (n) 
of intervals* x x,, . . , x„. 1 x n (x = a, x„ = b) and the corresponding general 
sum 

/- = fx *i + • • • + /» *.. 

where S t = x k — x k _ t and f k is any value lying on the interval f k ... f k 

bounded by the upper and lower limits f k , f k of f (x) on the x-interval 

x i-\ ■ • ■ x k- 

Du Bois-Reymond's theorem aflirms the existence of the limit : 

in the usual sense of the theory of proper definite integrals. 
Now we have as definition 

f(x) = F(h(x), ..., *»(»)). 

* For brevity, here and below in several limit formulas an interval a' ... 6' is denoted by 
a'b'. 
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and so 
fk= L F{^{x), . . ,<f> m x)), f k = L ^W*), ... *»(*)>. 

x I a^-iX* a; | x k . i x k 

We consider the more inclusive or wider limits 

f t =L *•(*!*, • • • , *«*), f k = L ^(<fc*, • . • , *«*), 

that is, the upper and lower limits of the set of all values of F(<f> lk , . . , $ mk ) 
obtained by allowing each argument <f» gb (g = 1, . . , m) independently to run 
through the interval <f> yk . . . tj> gll bounded by the upper and lower limits of 
4> g ( x ) on tne ^-interval x k . t . . x k ; and we denote by f\ any number of the 
interval /J. . . ,f* t and consider the wider general sum : 

Thus every partition tr of a ... b determines such sums /* connected 
with a ... b, and the theorem of the wider integrability affirms the existence 
of the limit in like sense of these wider general sums and the relation 

l /: = l /„. 

The partition ir of a ... b effects a partition 71-' of a subinterval a' .: . b' 
of a ... b into (at most) n partial intervals of lengths 8\, . . , 8j t where then 
S 81 S 8 k , 81 + . . + 8' n = b' — a'. We consider the general sum 

f b a;=fi&[+ ■■+/„*„ 
and the wider general sum 

/«■•: =/w + ■ ■ +jik- 

From these general sums we obtain the corresponding upper sums by 
replacing throughout f k , f k by f k , fl ; and similarly we obtain the correspond- 
ing lower sums. 

In these notations it is evident that 

f = f b f* — /** 

* / » J fflir' J tr J air' 

and that, for a given partition ir and interval a' . . . b' and corresponding 
partition ir' of a! . . . &', 

/**', < fh' <, ~fb' < 5v 
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and so that every sum /*'„., is a sum f£ w , while the convei-se is in general 
not true. 

We have always the relations : 

^ 7*.' , — f*'. . ^ fK — f v . ^ f b — /** 

Jan J_an J a n J_an J an J_an 9 

with similar relations for the wider sums. 
4. The more intense First Integrability Theorem. The limits 

8 t = 

of the wider sumsf^.' w with respect to the various intervals a' . .V of a ... 6 exist, 
and the convergence is uniform, for the set of all such intervals a' . . . V. The 
limiting values are of course 



L /»:„. = /*/(*) dx (a *k «' <i-S6). 



Remark. The theorem, in so far as it concerns the sums /*!* instead of 
the sums /££•, affirms somewhat more than the uniformity of the wider inte- 
grability. 

Proof We shall exhibit for a given e a partition v, of a . . . b such that 



fb* _ fb*- < 6# 

•/ an. J an. 



From this inequality, in view of the final remark of §3, the theorem follows by 
considerations similar to certain considerations* of the usual theory of definite 
integrals. 

The m functions <f> 9 (x) (g = 1, . . , ra) are integrable from a to b. 
Hence, by Riemann's necessary condition, there exists for each function <f> g (x) 
with respect to any two given positive numbers ar, \ a partition ir gak of a . . . b 
such that the sum of those intervals of 7r ff(rX on which the oscillation of <f> 9 (x) is 
greater than a is itself less than \. By superposition of any m such partitions 
<f> girK (g = 1, . . , m) we have a partition ir vK such that on every interval, apart 
from intervals of total length less than m\, the oscillation of each function 
4> g ( x ) (ff = 1» • • . »») is at most <r. Taking for a the S e . connected with the 
uniform continuity of F{y u . . , i/ m ), e' being a positive number subject to 

* Of. the theorem of Dini, I. c, §185, p. 330. 
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later determination, we see that on every interval of ir, A , apart from the inter- 
vals specified, the corresponding oscillation f k —f k is less than e 7 while on every 

excepted interval the oscillation f k — f k is at most Fg — F B . Hence for this 
partition nr ok (a = 8,.) we have 

/-„. - fll aX < e>(b-a) + m\ (F B - F R ). 
Thus, if we set, with respect to the given e, 

*' — 1 _f_ ,r _ s -v _ i e 

we have in a partition ir„ K the desired partition ir,. 

5. An Example in Contravention of du Bois-Reymond's 
Second Integrability Theorem. 

The Theorem. It the function f(x) is properly integrable from a to b 
and has the Hmits Z^, /&, and if the function g{y) is properly integrable 
ft' om X* to fab, then the compound function g(f(x)) is properly integrable 
from a to b. 

The Example. We take the a-interval ... 1 and consider the exhibi- 
tion of a number x to the base 3 : 

x z= f, i r x Z- r 

r = ' 

where each digit i r>x is 0, 1, or 2 ; we exclude the repetend 2, and thus have 
a unique exhibition of every number a;(0Sa;Sl), 

The function /(a;) for x with a terminating exhibition : 

x = 2 i r , x S- r , (»>„,**0) 

r = 

shall have the value 

f{x) = (- l)'V.,*3- r o, 
while it shall be for all other values of x. This function is properly in- 
tegrable from to 1, and it has everywhere densely values both positive 
and negative. 

The function g(y) : 



9{V) 
is properly integrable on every finite interval. 



C + l 2/>0> 
< y = 0f, 
(-1 y<0> 
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The function h(x) = g(f(x)) for ^ x ^ 1 has the values : 

h (x) = (— l)*'r„x, or 0, 

according as x has or has not a terminating exhibition. Thus it has values 
0, + 1, — 1 each everywhere densely. It is accordingly not properly inte- 
grable. 

The University of Chicago, May 29, 1901. 



